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Abstract
We present here a formal application of the recently introduced Doublet-Hodge Duality. There
is, as consequence of this, a formal correspondence between 2 + 1-dimensional theories which in-
volve Chern Simons terms and models in d dimensions involving BF-terms. We thereby prove that
topologically massive theories in any d dimensions of the Cremmer-Scherk-Kalb-Ramond-type, may
be represented as gauge non-invariant first order theories that correspond precisely to generalized
self-dual models.
The apparent clash between gauge symmetry and massive gauge bosons is by-passed in the framework
of topologically massive gauge theories, as it is the case for the well-known Chern Simons [1] and Cremmer-
Scherk-Kalb-Ramond models (CSKR) [2, 3, 4, 5]. They illustrate how Abelian gauge bosons may be
attributed a physical mass without the need of bringing about Higgs scalars and spontaeous symmetry
breaking. This a fundamental motivation to study this type of theories in dierent space-time dimensions.
The concept of (Hodge-type) Self-Duality and for arbirary p-forms in d dimensions has been rst
introduced in Ref [6]. This was built up in a fashion extremely similar to the (2 + 1)-dimensional case.
So, the structure of theories of topological nature in (2 + 1) dimensions, which typically involve Chern-
Simons terms can naturally be extended to arbitrary dimensions in this same fashion. This is the main
purpose of this letter and, perhaps, the most direct application of the generalized denition of self-duality,
recently introduced in Ref. [6].
By considering tensorial doublets, we can dene a consistent notion of self-duality based on a duality
Hodge-type operation in arbitrary dimensions and for forms of any rank p. Thus, a generalized Self-Dual
Action is dened such that the equations of motion are the claimed generalized self-duality relations.
This denition leaves denitively clear the correspondence between the so-called BF-theories in d-
dimensions[5] and theories in 2 + 1 involving Chern-Simons terms, in agreement with the well-known
idea that Topologically Massive Models (TM) in d  4 must be implemented via BF-terms, namely,
CSKR-type models.
This paper has a two-fold purpose: to construct rst-order formulations of topologically massive the-
ories which are gauge non-invariant, and show the equivalence to the so-called BF theories (which include
topological coupling between dierent gauge forms) [2, 5] by using a Parent Action Approach (PAA) [7]
which, due to the formalism introduced in ref [6], is insensitive to the space-time dimensionality. So,
one has a novel representation of Abelian BF-theories in terms of a non-invariant rst-order formulation
in arbitrary dimensions and for all possible tensorial ranks. These theories remarkably describe massive
elds.
There are some recent works [8, 9, 10] pointing out that TM models in dimension four, namely,
Cremmer-Sherk-Kalb-Ramond models, which include in their Lagrangian BF-terms are dual equivalent
to rst order ones. These authors employed the Hamiltonian embedding procedure by Batalin, Fradkin
and Tyutin (BFT)[11]. The second motivation for this study is to establish these equivalences using the
PAA.
The paralell of these BF-theories, at any space-time dimension, to the Self-Dual (SD) theories in 2+1,
exploited in this work, has already been observed by Harikumar et al [8] in the case d = 4; however,
they mention as a diculty in establishing this correspondence as due to the the imposibility of dening
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self-duality in dimensions that are not of the form d = 4k − 1 (k 2 Z+). In our approach, this diculty
is clearly avoided from the very starting point. Here, we proceed further and use this paralellism to
construct a SD-model in arbitrary space-time dimension (GSD), and also the generalized version of the
parent action suggested by Deser-Jakiew [12]; afterwards, we manifestly show the dual correspondence
between the GSD and TM in d-dimensions, extending the proof proposed by Deser and Jackiw in 2 + 1.
We show the correspondence recently presented [8] in four dimensions as a particular case and gener-
alize it to all dimensionalities.






where m is a constant to render the ?-operation dimensionless. This is basically a functional curl (rota-
tional operator).
We name self(anti-self)-duality, when the relations ?f = f are (respectively) satised.




















This model is claimed to be chiral, and the chirality χ = 1 results dened precisely from this self-duality.











is the topologically massive theory, which is known to be equivalent [12] to the self-dual model (2). Fµν
is the usual Maxwell eld strength,
Fµν [A]  ∂µAν − ∂νAµ = 2∂[µAν]. (5)
This equivalence has been veried with the PAA [7]. We write down the general parent action proposed
in [12], which proves this equivalence:










d3x µνλ (Aµ∂νAλ) , (7)
is the Chern-Simons action [1].
However, it is possible to impose also a well-dened self (and anti-self)-duality between tensor elds
with dierent ranks, for general dimensions [6]. So, a remarkable paralell of this structure with the one
in d dimensions shall be established.
Let a p-form ( a totally antisymmetric tensor type (0; p) ) on a d-dimensional space-time with signature
s 2, fµ1,.....µp, one natural partner shall be any ((d− p− 1); 0)-tensor, gµ1,.....µd−p−1. We build the tensor
doublet F := (f, g).
Let us dene the usual ()-operation for this object by means of
F := (g , S f) , (8)







and S is a number dened by the double dualisation operation:
(f) = S f . (10)
this depends on the signature and dimension of the spacetime in the form S = (−1)s+p[d−p].
Next, we write down the generalized (Hodge-type) duality-operation in terms of forms:
?F  M−1 dF , (11)
where d(f, g) = (df, dg) and the matrix M = diag[mf ; mg], that is taken to be diagonal for simplicity, is
introduced for dimensional reasons3 .
Thus, the Hodge-type self (anti-self)-duality is well-dened since the relations
?F = F (12)
may be consistent with the double dualisation requirement, ?(?F) = F
The self-duality relation in this case reads
F = (χM−1) dF , (13)
where χ = 1 . As it can be trivially veried, the consistency of self-duality requires that F satises
the Proca equation with mass m = pmfmg. In fact, applying once more the operator ? to (13), we have:
[∂2 + m2]F = 0. (14)
Also for simplicity, we take mf = mg = m .
The next step is to obtain an action which expresses self-duality in this generalized sense. Then, we











Notice that this looks like SD-action, Eq. (2). It is straightforward to verify that the equations of motion
are precisely the self-duality relations (13).
This action has the remarkable property of working as a parent action, interpolating between two
Proca-type models for the each eld in the doublet; i.e if one solves this action for one of the doublet
component and put this back into (15), the Proca model is obtained for this eld. This was observed by
Banerjee et al [15] in the case d = 4, and in Ref. [6, 16] for arbitrary dimensions. This will be commented
on more clearly for the particular case d = 4, at the end of this work.
This structure is now insensitive to the space-time dimension and tensorial rank of the doublet com-
ponents. Thus, a Deser-Jakiw parent action can be written in d space-time dimensions:
SParent[A,F ] = χSBF [A]−
∫




ddx (A . dA) (17)
may be recognized as a BF-action which, as mentioned, corresponds to the Chern-Simons action in the
2 + 1 dimensional case.
3i.e mf and mg must have dimension of mass.
4The doublet internal product of pairs ”.” is naturally given by (f, g).(f ′, g′) ≡ fµ1···µp f ′µ1···µp + gµ1···µq g′µ1···µq ,
where f, f ′ are p-forms, while g, g′ are any q-forms.
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Varying SParent with respect to F , we obtain
F = − 1
2m
dA; (18)
plugging this back into (16), and using that
(f) = Sf , (19)










First, we shall observe that this is invariant under the gauge transformations; A ! A + dD, where
dD is a pure gauge doublet, i.e, it is a pair of exact dierentials of (p− 1, d− p− 2)-forms.
Now, we vary with respect to A and obtain:
d(A −F) = 0; (21)
by using (19), one can express the solution of this equation as
A = F + dD. (22)
Putting this back into the action (16) , we recover the SD theory (15) up to topological terms.
As an example, one can particularize this result for the special dimensionality, d = 3+1, and reproduce
the results and conclusions obtained by Harikumar et al in the recent work of Ref. [8]. This means that
one obtains duality between the gauge invariant model and gauge non-invariant rst-order theories.
In dimension four, only two doublets may be chosen: G = (Aνρ, fµ) and H = (Fνρα, φ). The corre-







































The rst one describes a Cremmer-Scherk-Kalb-Ramond massive spin-one and the second one de-
scribes a scalar (spin zero) massive particle.
These two models, via the result obtained above, are equivalent to the respective rst order gauge























2Fµνρ + φµνρα∂µFνρα − Fνραµνρα∂µφ
)
+ total divergence. (26)
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As already pinted out, these actions may be themselves regarded as Parent Actions for the doublet
component-elds, which are viewed as independent elds. For instance, the rst model, given by the


























This constitutes the central result of Ref [15] and clearly, from now on, it can be generalized to d
dimensions and p-forms.
Doublet Hodge Duality has been dened in the same sense as the duality in 3d [6]. This allows estab-
lishing a long list of formal correspondences between theories in 3d which involve self-duality and similar
models in other dimensions. This constitutes by itself a very important application of this formalism since
one can , in principle, translate the constructions of 3d to arbitrary dimensions. In particular, one can
establish dualities between models in any dimension repeating the constructions made in 3d to establish
the corresponding dualitites, as was done in this paper.
An interesting possibility that we open up as an application of the results presented here is the study
of bosonization in arbitrary dimensions, mainly in higher dimensions. This is not a trivial matter [17, 18],
but with the help of the technique suggested here, d  4 bosonization comes out in connection with a
topologically massive model that mixes dierent gauge forms. Results on this issue shall soon be reported
elsewhere [19].
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